Abstract. Floquet states have been subject of great research interest since Zel'dovich's pioneering work on the quasienergy of a quantum system subject to a temporally periodic action. Nowadays periodic modulation of the system Hamiltonian is mostly achieved by microwaves leading to novel exciting phenomena in condensed matter physics: Floquet topological insulators, chiral edge states etc. On the other hand, nonthermal optical control of magnetization at picosecond time scales is currently a highly appealing research topic for potential applications in magnetic data storage. Here we combine these two concepts to investigate Floquet states in the system of exchange-coupled spins in a ferromagnet. We periodically perturb the magnetization of an iron-garnet film by a train of circularly-polarized femtosecond laser pulses hitting the sample at 1 GHz repetition rate and monitor the magnetization dynamics behaving like a Floquet state. An external magnetic field allows tuning of the Floquet states leading to a pronounced increase of the precession amplitude by one order of magnitude at the center of the Brillouin zone, i.e. when the precession frequency is a multiple of the laser pulse repetition rate. Floquet states might potentially allow for parametric generation of magnetic oscillations. The observed phenomena expand the capabilities of coherent ultrafast optical control of magnetization and pave a way for their application in quantum computation or data processing.
INTRODUCTION
Currently, temporally periodic perturbations of a quantum system that lead to Floquet states are of prime interest in frontier research areas such as topological insulators in graphene, or Bose-Einstein condensates with cold atoms [1] [2] [3] [4] [5] [6] . New surprising phenomena with tantalizing properties appear: periodic perturbation of a semiconductor quantum well by microwaves might induce a Floquet topological state [1] [2] [3] [4] , or microwave induced dynamics of a two-level artificial atom may enable elaborated quantum control [5] .
In this work we investigate Floquet states in experiments on optical excitation of magnetization precession in magnetically ordered media. Among different mechanisms responsible for optical pumping the magnetization dynamics in ferromagnets [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] , the inverse Faraday effect is of particular importance [18] [19] [20] [21] [22] [23] [24] [25] . It can be observed through the impact of circularly polarized light on the medium magnetization, as if it would be induced by an effective magnetic field H F ~ [E×E*], where E is the electric field of the light wave [26] . The field H F is directed along the light wave vector. In ferromagnets it originates microscopically from stimulated Raman scattering on magnons.
The inverse Faraday effect is observed in pump-probe experiments [18] [19] [20] [21] [22] [23] [24] [25] : The magnetization dynamics excited by the pump is observed by a low intensity probe pulse sent onto the sample delayed relative to the pump. The high temporal resolution of the pump-probe technique allowed identification of novel dynamic magnetic properties of ferromagnets. Moreover, the authors of Ref. 23 managed to optically excite magnetostatic spin waves in iron garnets and later their tunability by beam diameter was demonstrated [27, 28] .
Recently, influence of the periodic pumping has been demonstrated [29, 30] . It was shown that a train of optical pump pulses can drive the magnetization within the illuminated area thereby exciting spin waves and their amplitude can be significantly increased if the magnetization oscillation frequency synchronized with the laser pulses. Moreover, the periodic pumping additionally brings several important features for spin waves propagation: it significantly increases their propagation distance and provides also the possibility to tune directionality of propagation [29] , and also tune their wavelength by sweeping the external magnetic field or by slight variation of the pulse repetition rate [30] .
Spin waves amplitude generated in that experiments corresponded to the precession angle of the order of 10 µrad which was due to the relatively small effective magnetic field of the inverse Faraday effect, ~ 10 Oe. However, influencing the sample with a train of pulses inducing much larger periodic magnetic field could lead to some novel phenomena. Here we consider this issue theoretically and show a possibility of excitation of Floquet states of the magnetization in iron-garnet films by a sequence of laser pump pulses. By varying an external magnetic field it is possible to modify and control the Floquet states.
FLOQUET STATES OF MAGNETIZATION DYNAMICS
The excitation of magnetization dynamics by optical pulses generally leads to a spatial and temporal pattern of the magnetization M(r, t) that is a superposition of different modes M q (r, t). The magnetization dynamics of these modes is given by [31] [ ]
where [A, B] = AB − BA is the commutator of operators A and B, and Ĥ is the Hamiltonian of the spin system. The Hamiltonian has contributions from the interaction of the magnetization with H F . Optical excitation with a period T leads also to Ĥ(t) becoming periodic: Ĥ(t + T) = Ĥ(t). In accordance to Floquet theorem, the eigensolutions can be represented as
where Ω is called quasifrequency in analogy to the quasimomentum of the Bloch functions in real space [32] .
Let us consider an experiment where an iron-garnet film placed into external magnetic field H shooted by a sequence of circularly polarized laser pulses (Fig. 1) . Due to the inverse Faraday effect such pulses will influence on magnetization like a pulses of magnetic field H F and will excite periodic magnetization dynamics. Magnetization vector M starts to precess around its equilibrium position and amplitude of this precession could be described by angle θ.
FIGURE 1. Excitation of the magnetization precession in an iron-garnet film by a train of optical pulses.
Without illumination the sample is uniformly magnetized along the effective magnetic field H e = H + H a , with the magnetocrystalline anisotropy field H a = 4πM s -2K U /M s , where M s -saturation magnetization and K U -uniaxial anisotropy constant. When a laser pulse propagates through the film its impact on the magnetization can be described in terms of H F . If H is in the sample plane, Eq. (1) gives [29] :
[ ]
where γ is the gyromagnetic ratio, τ = 2(α(ω H +ω e )) -1 is the decay time, α is Gilbert damping constant, 
The solution of Eq. (3) can be written as θ(t) = ϑ(t) e iΩt with the periodic Floquet amplitude ϑ(t+T) = ϑ(t). Assuming Δt → 0 and V 0 → ∞ (but V 0 Δt remains constant) we could derive the following transcendental equation describing ω 0 (Ω) dependence:
where V 0 = -γh(ω H + ω e ) -amplitude of periodic potential. Since ω 0 depends on the external magnetic field H, the Floquet states are tunable by this field. Their spectrum, ω 0 = ω 0 (Ω), in the first Brillouin zone is characteristic for "periodic potentials" (Fig. 2a) with bandgaps whose size is proportional to V 0 Δt and could be calculated as:
where N g is bandgap number. Our theoretical analysis predicts that for ω 0 within the bandgap parametric generation of magnetization oscillations will take place (Fig. 2b) . Then the quasifrequency Ω becomes purely imaginary (inset of Fig. 2a ) and the oscillation amplitude increases exponentially as long as the non-linear limitation does not come into play. And outside of bandgaps the magnetization oscillations have envelope with frequency Ω (Fig. 2c) .
In experiments described in [29, 30] the optical pumping was realized in thin bismuth iron-garnet films [33] excited magnetic field h was about 10 Oe, so the bandgap was very small and due to the damping no Floquet states were observed. But the pump incidence angle was 17°, and main effect of amplitude increasing was from the right part of Eq. (3) γ 2 HH F (t) cos β, acting like an external force.
CONCLUSION
We have shown that for such periodic excitation a peculiar magnetization oscillation regime corresponding to Floquet states could be achieved. The Floquet states are tunable via an external magnetic field and manifest themselves in a quasi-periodic dependence of amplitude and phase on magnetic field. At a resonance, the precession amplitude is considerably increased. In terms of the Floquet state spectrum this enhancement occurs for an oscillation quasifrequency at the center of the Brillouin zone. In other words, the amplitude resonances take place when the oscillations induced by subsequent pulses become synchronized to each other. Another picturesque consequence of the Floquet states might be parametric generation. For demonstration this requires, however, much higher pump fluencies and longer pulse durations than were available in the current experiment.
Generally, optical excitation of magnetic oscillations provides control of the magnetization distribution at submicron space and sub-terahertz time scales which is of prime importance for quantum information processing based on spin waves [34] . Tunable Floquet states of magnetization oscillations might significantly broaden the functionality of this approach. The next step forward in this paradigm will be implementation of plasmonic structures to further enhance the magnetization precession by concentrating the optical fields in a nanometer thick magnetic film. Indeed, while the huge plasmonics-mediated increase of the direct magneto-optical effects was demonstrated recently [35] , the plasmonic boost of the inverse magneto-optical effects is still waiting for its practical implementation [9] .
